A note on Maxwell's theory of poles  by Shao, Ji-Cheng et al.
Journal of Computational and Applied Mathematics 183 (2005) 101–107
www.elsevier.com/locate/cam
A note on Maxwell’s theory of poles
Ji-Cheng Shaoa,∗, Yozo Hamanoa, Michael Bevisb
aDepartment of Earth and Planetary Sciences, University of Tokyo, 7-3-1 Hongo, Tokyo 1130033, Japan
bHIGP/SOEST, University of Hawaii, USA
Received 17 June 2004; received in revised form 6 January 2005
Abstract
We prove that l successive directional differentiations in Maxwell’s theory of poles can be equivalently expressed
as a summation of 2l − 1 degree-l zonal harmonics oriented along 2l − 1 axes. These axes are the Maxwell axes
and their combinations. This expression suggests a new method of computing the Maxwell axes and the moment
without explicit evaluation of differential forms.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
In Maxwell’s theory of poles for the spherical harmonics, a degree-l spherical harmonic expansion
can be uniquely represented by a singular source (the Maxwell source of order l) characterized by l axes
(the degree-l Maxwell axes) and a scalar moment [5,7]. This theory is a foundation for many subjects
in applied mathematics and in physical sciences involving potential functions [3,4]. Maxwell’s theory of
poles for the potential function may be stated as,
Theorem 1.1 (Maxwell’s theorem). A potential function of degree l, Vl(r rˆ), deﬁned in a spherical shell
bounded by S(1) and S(R) due to the sources distributed within the ball bounded by S(1), may be
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Nomenclature
R real numbers
Z∗O odd positive integers
Z∗E even positive integers
Z∗ positive integers
Z nonnegative integers
(n,m) binomial coefﬁcients n!
m!(n−m)!
(n; q1, q2, q3, . . . , qm) multinomial coefﬁcients n!q1!q2!...qm!
S(r) a sphere with radius r
R3 ordinary Euclidean 3 space
〈.〉S(r) a spherical average on S(r)
represented by Vl(r rˆ)=AlUl(r rˆ), where 1rR.Al is a scalar moment of the Maxwell source of order
l. Ul(r rˆ) is given by
Ul(r rˆ)= (−1)l
[
l∏
i=1
Di
](
1
r
)
, (1)
where Di is the directional gradient along the ith Maxwell axis, dˆi , i = 1, 2, 3, . . . , l. Di ≡ dˆi · ∇.
We refer Eq. (1) as the Maxwell representation of the potential function. In the special case in which
all Maxwell axes coincide with the axis dˆ:
U0l [dˆ] = (−1)l[D]l
(
1
r
)
= r−(l+1)P 0l [dˆ], (2)
where P 0l [dˆ] denotes a degree-l zonal harmonic oriented along the axis dˆ. Now we prove that the l
successive directional differentiations in Eq. (1) are equivalent to a summation of 2l − 1 degree-l zonal
harmonics oriented along 2l − 1 axes which are the Maxwell axes and their combinations.
2. An equivalent expression of Eq. (1)
Let W(l) ≡ (dˆ1, dˆ2, . . . , dˆi , . . . , dˆl) be a set of l axes in R3 intersecting at the origin O. Let W(k) ≡
(dˆ1, dˆ2, . . . , dˆj , . . . , dˆk), dˆj ∈ W(l),  = 1, 2, 3, . . . , (l, k), be the th k-subsets of W(l). W(k) ⊆ W(l).
Denoting (k) dˆ(k) =∑kj=1 dˆj , dˆj ∈ W(k) , where (k) and dˆ(k) are the length and the direction of∑kj=1 dˆj
respectively. = 1, 2, 3, . . . , (l, k). The number of dˆ(k) is∑lk=1 (l, k)= 2l − 1.
LetH(l) ≡ (D1,D2, . . . , Di, . . . , Dl) be a set of l scalar operators (directional gradients) inR3, where
Di ≡ dˆi ·∇, dˆi ∈ W(l). LetH(k) ≡ (D1,D2, . . . , Dj , . . . , Dk) be the th k-subsets ofH(l), whereDj ≡
dˆj · ∇, dˆj ∈ W(k) and  = 1, 2, 3, . . . , (l, k). H(k) ⊆ H(l). We denote
∑k
j=1Dj ≡ D(k) ≡ (k) D˜(k) ,
where D˜(k) = dˆ(k) · ∇.
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Corollary 1. Ul(r rˆ) in Eq. (1) can be equivalently expressed as,
Ul(r rˆ) ≡ (l!)−1
l∑
k=1
(−1)k
(l,k)∑
=1
|(k) |lU0l [dˆ(k) ], (3)
where = 1, 2, 3, . . . , (n, k) and the number of U0l [dˆ(k) ] is 2l − 1.
Proof. Here we only prove l ∈ Z∗O as an example. Because the linear scalar operators Di,Dj ∈ W(l) in
Eq. (1) satisfyDiDj ≡ DjDi for every i, j,Di can therefore be treated as a scalar.We invoke an equality
proven in Appendix A, Eq. (A.5). Substituting Di → xi in Eq. (A.5), we have
l∏
i=1
Di ≡ (l!)−1
l∑
k=1
(−1)k+1
(l,k)∑
=1
|(k) |l[D˜(k) ]l .
Using Eqs. (1) and (2), we have
Ul(r rˆ) ≡ (l!)−1
l∑
k=1
(−1)l+k+1
(l,k)∑
=1
|(k) |lU0l [dˆ(k) ].
Because l + 1 ∈ Z∗E, (−1)l+k+1 = (−1)k . The number of U0l [dˆ(k) ] is
∑l
k=1(l, k) = 2l − 1. Eq. (3) for
l ∈ Z∗E can be similarly proven. 
Corollary 2. For a set of theMaxwell axesW [l]=(dˆ1, dˆ2, dˆ3, . . . , dˆi , . . . , dˆl), denoting l=
√
〈|Ul|2〉S(1),
l attains the supremum if and only if all Maxwell axes coincide, dˆ1 ≡ dˆ2 ≡ dˆ3 · · · ≡ dˆl and l1, ∀ l.
Proof. First we prove an inequality. Since (
∑n
i=1 xi)2=
∑
i x
2
i +2
∑
i =j xixj and every xi in
∑
i =j xixj
appears (n− 1) times, then 2∑i =j xixj ∑i =j (x2i + x2j )= (n− 1)∑ni=1 x2i . Therefore, (∑ni=1 xi)2
n
∑n
i=1 x2i . The equality holds when x1 = x2 = · · · = xn. Applying this inequality to Eq. (3) and because
〈U0l |dˆ(k) |2〉S(1) ≡ 1, so (l!)2|l|2<(2l − 1)
∑l
k=1
∑(l,k)
=1 |(k) |2l . (k) is the length of the th axis summed
from k unit vectors, so (k) k. max((k) )= k if and only if kMaxwell axes coincide. It follows that |l|2
attains maximum if and only if dˆ1 ≡ dˆ2 · · · ≡ dˆl . But when all Maxwell axes coincide, from Eq. (2),
Ul(rˆ)= U0l [dˆ1] = P 0l [dˆ1] and |l| = 1. 
3. Concluding remarks
Eq. (3) inCorollary 1 shows that the symmetries of any degree-l spherical harmonic are in fact a compos-
ite of a group of degree-l zonal harmonics (uniaxial rotation symmetries) associatedwith theMaxwell axes
and their combinations. Corollary 2 gives a relation between the characteristics of a potential function and
the geometry of the generating source. For instance, it can be shown that the average energy of a vector ﬁeld
vl(r rˆ)=∇Vl(r rˆ) onS(r) deﬁned asEl=〈|vl|2〉S(r) isEl=r−2(l+2)E0l |l|2,where asE0l =(l+1)(2l+1)A2l
(we refer E0l as the intrinsic energy of the Maxwell source of order l). Therefore, El is modulated by l
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(hence we refer l as the efﬁciency coefﬁcient) and thus by the geometry of the source (the orientations
of the Maxwell axes). According to Corollary 2, El attains the supremum E0l if and only if vl(r rˆ) (and
Vl(r rˆ)) is entirely zonally symmetric. These results are not apparent in the original expression of Eq. (1) or
in other representations of the potential function and may be helpful, e.g., in the analysis of source geom-
etry. Eq. (3) also suggests a new method of computing the Maxwell axes and the moment from a degree-l
potential function without extensive programming for evaluation of the differential forms in Eq. (1), see
Appendix B.
Appendix A. An equality for
∏n
i=1 xi
Let X(n) ≡ {(x1, x2, x3, . . . , xi, . . . , xn) : xi ∈ R}. Let X(k) ≡ {(y1, y2, y3, . . . , yj , . . . , yk) :
yj ∈ X(n)} be the th set of k-subsets of X(n), where  = 1, 2, . . . , (n, k), (n, k) = n!/(n − k)!k! is a
binomial coefﬁcient. k = 1, 2, 3 . . . , n. Let X(,k) ⊆ X(k) be the th set of -subsets of X(k) , where
= 1, 2, 3, . . . , (k, ), = 1, 2, 3, . . . , k. LetQ() be th set consisting of an ordered partition of n into
 positive integers as, Q() ≡ {(qj ) : j = 1, 2, 3, . . . , ,∑j qj = n, qi ∈ Z∗}. = 1, 2, 3, . . . , p(n, ),
where p(n, ) is the number of all possible ordered partitions of n in to  positive integers.1
For a 1n, using the elements in X() ⊆ X(n) and the elements inQ() , we construct a -multiple
product expressed in a general form as
∏
j=1 y
qj
j where yj ∈ X() and qj ∈ Q() .We denote X˜() ≡ (˜x() )
as a set consisting of all such products, where x˜() is the th element, = 1, 2, 3, . . . , (n, )p(n, ). X˜()
contains (n, )p(n, ) distinctive elements.
For a 1k and a 1kn, using the elements in X(,k) ⊆ X(k) and the elements in Q() , we con-
struct a -multiple product expressed in a general form as
∏
j=1 y
qj
j where yj ∈ X(,k) and qj ∈
Q
()
 . We denote X˜(,k) ≡ (˜x(,k) ) as a set consisting of all such products, where x˜(,k) is the th
element,  = 1, 2, 3, . . . , (k, )p(n, ) and 1k. X˜(,k) contains (k, )(p, ) distinctive elements,
=1, 2, 3, . . . , (n, k). Let X˜(,k) ≡⋃(n,k)=1 X˜(,k) . The number of elements in X˜(,k) is (n, k)(k, )p(n, )
and
(n, k)(k, )p(n, )= (n, )(n− , k − )p(n, ), 1k. (A.1)
By deﬁnition, X˜() consists all possible -multiple products that can be constructed from the elements
in X(n). Also by deﬁnition, the distinctive elements in X˜(,k) are the same as those in X˜(), but the
total number of elements in X˜(,k) is given by Eq. (A.1). In fact, for a given  and a given k, every ele-
ment in X˜() is replicated equal number of times in X˜(,k).2 The number of times that an element in X˜() is
1 The theory of the partition number is systematically discussed in e.g., [2], but p(n, ) is not explicitly needed in the
following discussion because it cancels out in Eq. (A.2).
2We do not prove this statement explicitly. But, from our deﬁnitions it is obvious that, for a given  and a given k, every
X
()
 ⊂ X(n) is replicated an equal number of times in⋃(k,)=1 X(,k) . Similarly, every element in X˜() is equally replicated in
X˜(,k).
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replicated in X˜(,k) is given by
	(n, k, )= (n, )(n− , k − )p(n, )
(n, )p(n, )
= (n− , k − ), 1kn, 1k. (A.2)
For =n, k=n. 	(n, n, n)=1. For <n, denoting 
=k− andm=n−,∑nk(−1)k+1	(n, k, )=
(−1)+1∑m
=0(−1)

(m, 
). Using the identity (1− x)m =∑m
=0 (−1)
(m, 
)x
, for x = 1,∑m
=0 (−1)
(m, 
)= 0,
n∑
k∈Z∗
(−1)k+1	(n, k, ) ≡ 0, for every <n. (A.3)
Eq. (A.3) implies that the elements in ⋃k∈Z∗O X˜(,k) are the same as those in ⋃k∈Z∗E X˜(,k), for every
<n.
The summations ∀xi ∈ X(n) and ∀yj ∈ X(k) are denoted as x¯(n) =∑ni=1 xi and x¯(k) =∑ki=1 yi
respectively. [x¯(n)]n can be written [1] as the multinomial series [x¯(n)]n =∑ j xq ′11 xq ′22 xq ′33 . . . xq ′nn , where
j = (n; q ′1, q ′2, q ′3, . . . , q ′) is the multinomial coefﬁcient, q ′ ∈ Z,
∑n
i=1 q ′i ≡ n. It is obvious that
x
q ′1
1 x
q ′2
2 x
q ′3
3 . . . x
q ′n
n ∈⋃n=1 X˜(). Thus, [x¯(n)]n=∑n=1∑(n,)p(n,)j=1 j x˜()j , x˜()j ∈ X˜(). Similarly, [x¯(k) ]n
=∑k=1∑(k,)p(n,)j=1 j x˜(,k)j , x˜(,k)j ∈ X˜(,k) . From (A.2) and the discussions, we have
(n,k)∑
=1
[x¯(k) ]n =
k∑
=1
(k,)p(n,)∑
j=1
	(n, k, )j x˜
()
j , x˜
()
j ∈ X˜(). (A.4)
We now prove
∏n
i=1 xi has the equality:
n∏
i=1
xi =
{
(n!)−1∑nk=1(−1)k+1∑(n,k)=1 [x¯(k) ]n, n ∈ Z∗O,
(n!)−1∑nk=1(−1)k∑(n,k)=1 [x¯(k) ]n, n ∈ Z∗E, (A.5)
where xi ∈ X(n). x¯(k) =∑kj=1 yj , yj ∈ X(k) ⊆ X(n).
Proof. We prove Eq. (A.5) for n ∈ Z∗O. Because for  = n, we have k = n, (n, n) = 1, p(n, n) = 1,
	(n, n, n) = 1, j = 1. x˜()j =
∏n
i=1 xi and j = n! in Eq. (A.4). Using Eq. (A.4) and because j x˜()j
does not depend on k, we have,
∑n
k=1 (−1)k+1
∑(n,k)
=1 [x¯(k) ]n=n!
∏n
i=1 xi+
∑n−1
=1
∑(n,)p(n,)
j=1 [	]j x˜()j ,
where, [	] =∑nk(−1)k+1	(n, k, ). From Eq. (A.3)
n∏
i=1
xi = 1
n!
n∑
k=1
(−1)k+1
(n,k)∑
=1
[x¯(k) ]n. (A.6)
Similarly, Eq. (A.5) can be proved for n ∈ Z∗E. 
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Appendix B. Computational approach
We illustrate our computational approach using a simple example.An l=3 potential function on S(1) is
represented by a scalar momentA3> 0 and three axes dˆ1, dˆ2 and dˆ3 as V3(rˆ)=A3D1D2D3(1/r), where
Di = dˆi · ∇, i = 1, 2, 3. The computation of the Maxwell axes and the moment from a given V3(rˆ) may
be carried out by direct numerical evaluation and approximation of the multiple directional differential
operators associated with spins of multiple axes, e.g., [6]. Here we propose a new approach based on Eq.
(3). The basic procedure is as follows: (A)We divide a hemisphere by a suitable grid consisting of N grid
points. We represent 3 Maxwell axes emanating from the origin by 3 grid points. The directions of the
Maxwell axes are therefore represented by the latitudes and longitudes of the points. There is a total of
N3 point sets representing all possible sets of the Maxwell axes, each of them containing 3 points. (For
l Maxwell axes, the number of sets is Nl .) (B) For each point set [dˆ′1, dˆ′2, dˆ′3], we ﬁnd all possible axis
combinations, i.e., dˆ′1 + dˆ′2 + dˆ′3 = 1xˆ1, dˆ′1 + dˆ′2 = 2xˆ2, dˆ′2 + dˆ′3 = 3xˆ3, dˆ′1 + dˆ′3 = 4xˆ4, dˆ′1 = 5xˆ5,
dˆ′2=6xˆ6 and dˆ′3=7xˆ7, where i and xˆi represent the length and the direction of the axis. (For lMaxwell
axes, total number of axis combinations is 2l − 1.) (C) We compute a map for degree-3 zonal harmonic
along the zˆ axis (latitude=90◦) on S(1), P 03 [zˆ] (It is obvious that we actually need to compute P 03 [zˆ] only
along one longitude). We orient P 03 [zˆ] along xˆ1, xˆ2, …,xˆ7 as P 03 [xˆ1], …,P 03 [xˆ7]. Substituting i → (k)
and P 03 [xˆi] → U0l [dˆ(k) ] in Eq. (3), we have
U ′3(rˆ)= 16(−31P 03 [xˆ1] + 32P 03 [xˆ2] + 33P 03 [xˆ3] + 34P 03 [xˆ4] − 35P 03 [xˆ5] − 36P 03 [xˆ6] − 37P 03 [xˆ7]).
(D) For each U ′3(rˆ), we then estimate the moment A′3 by
A′3 =
√
〈|V3(rˆ)|2〉S(1)/〈|U ′3(rˆ)|2〉S(1).
(E) We evaluate all N3 points sets through (B)–(D) to ﬁnd the solution for the Maxwell axes and the
moment. The uniqueness and the existence of the solution are of course guaranteed by the well-posed
Maxwell theory of poles. Theoretically, since the grid can be made arbitrarily ﬁne, the solution can
achieve any desired degree of accuracy. In this sense, the Eq. (3) approximates the analytical solution for
the Maxwell axes and the moment for a given degree-l potential function.
The method we proposed above essentially involves only three programming elements: (1) ﬁnding
all possible combinations within a point set containing l points in (B), (2) orienting a degree-l zonal
harmonic P 0l (rˆ) (which is very often a built-in function) along 2l − 1 axes in (C) by coordinate rotation
or direct computation and (3) evaluating the spherical average of a scalar function to obtain Al in (D).
All these operations need elementary programming that often is available in toolboxes associated with
the programming software. This method seems to alleviate the burden of extensive programming for
iterative approximation and evaluation of the differential forms in Eq. (1). The only time consuming part
is evaluating Nl point sets because N could be very large for high precision and l could be very large
for high degree spherical harmonics. We have devised the following more economical procedure: we
start with 3 arbitrary points on the hemisphere and search only dˆ′1 within a spherical cap of suitable size
(centered on dˆ′1) covered by a grid. From (B)–(D), we obtain a new dˆ′1 and A′3 yielding a V ′3(rˆ) which
is the best approximation of V3(rˆ). We replace the old dˆ′1 by the new estimate and repeat the process
for dˆ′2 and dˆ′3 respectively. We repeat the entire process while adjusting the size and spacing of the grid
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(i.e., starting with a large but coarse grid and migrating to a smaller and ﬁner grid as the computation
progresses) until V ′3(rˆ) reaches the desired accuracy. In our practice using an ordinary laptop computer,
the computation of the Maxwell axes and moments up to order 10 with accuracy of 10−5 is accomplished
within the interactive time frame.
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